A novel gapped metallic state coined orthogonal Dirac semimetal is proposed in the honeycomb lattice in terms of Z2 slave-spin representation of Hubbard model. This state corresponds to the disordered phase of slave-spin and has the same thermaldynamical and transport properties as usual Dirac semimetal but its singe-particle excitation is gapped and has nontrivial topological order due to the Z2 gauge structure. The quantum phase transition from this orthogonal Dirac semimetal to usual Dirac semimetal is described by a mean-field decoupling with complementary fluctuation analysis and its criticality falls into the universality class of 2+1D Ising model while a large anomalous dimension for the physical electron is found at quantum critical point (QCP), which could be considered as a fingerprint of our fractionalized theory when compared to other non-fractionalized approaches. As byproducts, a path integral formalism for the Z2 slave-spin representation of Hubbard model is constructed and possible relations to other approaches and the sublattice pairing states, which has been argued to be a promising candidate for gapped spin liquid state found in the numerical simulation, are briefly discussed. Additionally, when spin-orbit coupling is considered, the instability of orthogonal Dirac semimetal to the fractionalized quantum spin Hall insulator (fractionalized topological insulator) is also expected. We hope the present work may be helpful for future studies in Z2 slave-spin theory and related non-Fermi liquid phases in honeycomb lattice.
I. INTRODUCTION
It is still a challenge to understand exotic quantum phases and its corresponding quantum criticality beyond the conventional Ginzburg-Landau-Wilson paradigm.
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One of ideas 1, [6] [7] [8] [9] [10] [11] [12] to attack this challenging problem is to fractionalize the electrons in the model Hamiltonian into more elementary collective excitations, e.g., quasiparticles like spinon, holon, and so on, in terms of slaveparticle approaches near the putative quantum critical points due to wild quantum fluctuations.
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Recently, a remarkable determinantal quantum Monte Carlo simulation has been performed in the honeycomb lattice at half-filling. 24 This study claimed that there exists a short-range resonating valence-bond liquid with a spin gap between the Dirac semimetal and antiferromagnetic insulating phases. [25] [26] [27] (A similar gapped spin liquid phase has also been found in the Kagome Heisenberg model by density-matrix-renormalization-group. 28 However, it is noted that a very recent quantum Monte Carlo simulation, which extend the previous study to much larger clusters, finds no evidence of a spin liquid region found in Ref. [24] . 29 ) Immediately, the nature of this possible spin liquid state has been explored by using slaveparticle framework with U(1) and/or SU(2) gauge structure and was proposed to be a Z 2 -like spin liquid, [30] [31] [32] which was carefully inspected by later numerical simulations in J 1 -J 2 Heisenberg model. 33, 34 (Note, however, simple reduction of the physics of the Hubbard model to that of an effective spin-1/2 system, such as the J 1 -J 2 , might not be achievable in light of Ref. [34] .) 35 Instead of studying the elusive insulating spin liquid phase found in the numerical simulation, 24 it is also interesting to see whether a possible fractionalized metallic state can exist in the honeycomb lattice. This is stimulated by a recent paper of Nandkishore, Metlitski and Senthil, 36 where they reinspected the Z 2 slave-spin representation of single-band Hubbard model and pointed out that the correct disordered state of slave spins is not a putative Mott insulator but an exotic fractionalized metallic state called orthogonal metal. [37] [38] [39] [40] This state is a compressible metal, which has the same thermodynamics and transport as the usual Landau Fermi liquid, but its electronic spectral function has a gap, which results in a simplest non-Fermi liquid. Therefore, there is an orthogonal metal-Fermi liquid transition instead of Mott transition in the slave spin representation of the single-band Hubbard model. Furthermore, for the multi-orbital models like the Anderson lattice model, an orbital-selective orthogonal metal transition has been found by the Z 2 slave-spin approach 41 and is argued to be an alternative Kondo breakdown mechanism for certain heavy fermion compounds. 13, 14, 22, 23, [42] [43] [44] [45] In the present paper we try to uncover a possible fractionalized metallic state in terms of Z 2 slave-spin representation of the Hubbard model in the honeycomb lattice at half-filling following the same methology of Nandkishore, Metlitski and Senthil. 36 It is found that while the ordered state of slave-spin is identified as the usual Dirac semimetal, an exotic gapped semimetal named orthogonal Dirac semimetal survives when the slave spin becomes disordered. The orthogonal Dirac semimetal has the same thermodynamics and transport as the usual Dirac semimetal but with the nontrivial topological order due to the local Z 2 gauge structure.
Furthermore, we analyze in detail the correspond-ing quantum phase transition (QPT) between these two metallic states at mean-field level and find that it falls into the universality class of 2+1D Ising model while a large anomalous dimension for the physical electron is found at quantum critical point(QCP). This result could be considered as a fingerprint of our fractionalized treatment when compared to other non-fractionalized approaches. Additionally, the mean-field analysis is stable to weak fluctuations since vanishing density of states of the Dirac semimetal suppresses the effect of Landau damping even under the condition without long-range Coulomb interaction. This is in contrast to the original case of orthogonal metal where the mean-field treatment of quantum criticality is only valid in the presence of the long-range Coulomb interaction. As byproducts, a path integral formalism for the Z 2 slave-spin representation of Hubbard model is constructed and possible relations to the exotic spin liquid named sublattice pairing states, fractionalized quantum spin Hall insulator, effective Gross-Neveu theory, the dual approach of interacting fermions and the gauge/gravity duality are briefly discussed. Moreover, we expect the orthogonal Dirac semimetal may be realized in future experiments of ultracold atoms in the honeycomb optical lattices 46 and surface states of three dimensional topological insulators since they naturally support Dirac fermions as their low-lying excitations. [47] [48] [49] [50] [51] [52] In addition, it may be interesting to generalize the present analysis of orthogonal Dirac semimetal to the bilayer graphene-a semimetal with a non-vanishing density of state, which is known to have a strongly correlated ground state.
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The remainder of this paper is organized as follows. In Sec. II, we introduce the Hubbard model in the honeycomb lattice and reformulated it in terms of the Z 2 slavespin representation. Moreover, a path integral formalism for this slave-spin representation of the Hubbard model is also constructed in this section. Then, a mean-field decoupling is used and two resulting mean-field states are analyzed in Sec. III. One state is the expected orthogonal Dirac semimetal and the other is the usual Dirac semimetal. In Sec. IV, the QPT between these two states are discussed with emphasizing on the scaling behaviors and the stability of mean-field treatment of quantum criticality is studied. Some relations to other approaches and instability of the orthogonal Dirac semimetal are briefly discussed In Sec. V. Finally, Sec. VI is devoted to a conclusion which summarizes our main findings.
II. Z2 SLAVE SPIN REPRESENTATION AND THE HUBBARD MODEL IN THE HONEYCOMB LATTICE
The model we used is the Hubbard model in the honeycomb lattice at half-filling, 26 ,39
where n i = σ c † iσ c iσ , U is the onsite Coulomb energy between electrons on the same site and t is the hopping energy between nearest-neighbor sites. Since we are interested in the case of half-filling, the chemical potential has been set to zero. This model has been studied by many authors and is believed to exhibit several distinct phases depending on the ratio of U/t. (For a review, see Ref. [27] .) For small U/t, the usual Dirac semimetal appears with nearly free relativistic Dirac fermions being the low energy excitation. In contrast, an antiferromagnetic Mott insulator survives for large U/t and spin rotation symmetry breaks spontaneously. 25 Besides, some exotic spin liquid Mott insulating states with a charge gap, e.g. algebraic spin liquid (ASL) and Z 2 spin liquids, may exist in the intermediate coupling as argued by slave-particle techniques with the projective symmetry group (PSG) analysis and inspected by sophisticated numerical simulations. 24, [30] [31] [32] [33] 55 Here, the problem we are interested in is whether there exists an alternative metallic state beside the trivial Dirac semimetal. It seems that such a metallic state is likely due to the fractionalizing scheme proposed by Nandkishore, Metlitski and Senthil, 36 in which they found a Z 2 fractionalized metal named as the orthogonal metal in the Z 2 slave-spin representation of the Hubbard model. The orthogonal metal was incorrectly identified as a non-magnetic Mott insulator by previous studies because the slave-spin was considered to carry charge of the physical electron. As a matter of fact, as also pointed out by Nandkishore, Metlitski and Senthil, 36 the slavespin does not carry any quantum numbers of the physical electron but only has the Z 2 gauge charge since it is bound by the gapped Z 2 gauge field (a brief explanation of this point is given by Appendix A) Thus, all quantum numbers of the physical electron have to be taken by the slave-fermion, which also carries a Z 2 gauge charge to ensure the gauge invariance of the physical electron composed by a slave-spin and a slave-fermion.
Therefore, it is expected that a fractionalized metallic state similar to the orthogonal metal may exist in the honeycomb lattice when using Z 2 slave-spin representation. To this point, a careful reader may wonder what the difference is between our study and the case of Nandkishore, Metlitski and Senthil 36 since the same starting points have been made, namely, the Hubbard model and the Z 2 slave-spin representation. We should emphasize that in the paper of Nandkishore, Metlitski and Senthil, 36 a square lattice is kept in mind implicitly and the reference state is the usual Landau Fermi liquid with a large Fermi surface since a Fermi liquid is indeed a good starting point for a small U/t in the square lattice. However, in the present work, we will discuss the Hubbard in the honeycomb lattice at half-filling and instead of the Fermi liquid, a Dirac semimetal is our reference state, which has relativistic Dirac fermion excitation near disconnected Dirac points. Thus, it will lead to a different fractionalized metallic state from the orthogonal metal. This will be seen in the following discussion. Now, we turn to the Z 2 slave-spin framework for a honeycomb lattice at half-filling.
A. Z2 slave-spin representation of the Hubbard model
In the treatment of Z 2 slave-spin approach, the physical electron c σ is fractionalized into a new slave fermion f σ and a slave spin τ x as 37,39
with a constraint τ z i + 1 = 2(n i − 1) 2 enforced in every site. Under this representation, the original Hamiltonian can be rewritten as
where
Obviously, a Z 2 local gauge symmetry is left in this representation (both slavefermions and slave spins carrying the Z 2 gauge charge) and the corresponding low-energy effective theory should respect this. The mentioned gauge structure can be seen if f
i with ǫ i = ±1 while the whole Hamiltonian H is invariant under this Z 2 gauge transformation. Moreover, as argued by Nandkishore, Metlitski and Senthil, 36 the slave-fermion f σ carries both charge and spin of the physical electron c σ while slave spin τ x encodes the remanent quantum coherence of physical electrons, which has also been mentioned on the issue of fractionalized quantum spin Hall insulator. Before turning into discuss the possible alternative metallic state, we present the construction of a path integral formalism for the Z 2 slave-spin approach of the Hubbard model in this subsection. To this aim, we follow the approach of Ref. [57] where the general Z 2 gauge theory is constructed in an extended Hubbard model.
The construction of the path integral is to calculate the partition function Z = Tr(e −βĤP ) whereP is the projective operator to exclude unphysical states introduced by Z 2 slave-spin representation. Here we usê
This choice has the advantage to meet the mean-field theory of Z 2 slave-spin approach. Obviously, one can employ another equivalent projective operator
We will use the first definition ofP in the following discussion. Follow Ref. [57] , the projective operator can be reformulated by introducing auxiliary Ising field σ i = ±1
Since [P , H] = 0, one can define an effective Hamiltonian H ef f as
. (7) Then using the same method in the treatment of quantum Ising model (see Appendix B) and standard coherent state representation of fermions, one obtains the following path integral formalism of Z 2 slave-spin representation of Hubbard model
and
where we have used τ
The above action is our main result in this subsection and further approximations have to be made in order to gain some physical insights. A popular approximation is to decouple the interaction term between slave-spin ϕ and slave-fermion f σ at the mean field level and then reintroduce phase fluctuations (in fact, a Z 2 gauge field due to the gauge structure of H). 56, 57 Details of this treatment has not been reported until now, however, we hope our formalism constructed here may be useful in this direction.
III. MEAN-FIELD THEORY AND ORTHOGONAL DIRAC SEMIMETAL
Undoubtedly, it is a formidable task to treat exactly the Hamiltonian of the Hubbard model in the slave-spin representation given by Eq. (3) and its path integral formalism given by Eq. (8). Thus we only consider a mean-field treatment here and discuss the stability of the mean-field analysis in the next section.
It is straightforward to derive a mean-field Hamiltonian as follows
where the Lagrange multiplier λ i has been introduced to fulfill the constraint on average,t ij = t τ
2 due to the constraint. The decoupled Hamiltonian H I is an extended quantum Ising model in transverse field and H f describes f fermions in the honeycomb lattice. Here, at the mean-field level, a further simplification can be made by setting all the Lagrange multiplier λ i to be zero, provided only nonmagnetic solutions are involved and a half-filling case is considered. 39 This means the constraint is not violated seriously when magnetic order is absent. Therefore, we will drop the constraint term in the mean-field Hamiltonian Eqs. (10) and (11) hereafter.
A. Quantum Ising model in the honeycomb lattice
Let us first focus on the quantum Ising model given by Eq. (11) . It is well known that the standard transverse field Ising model in one spatial dimension can be exactly solved by Jordan-Wigner transformation and it has two phases with the critical exponents being the same as twodimensional classical Ising model. 1 Beyond one spatial dimension, to our knowledge, no exact solutions exist for the quantum Ising model until now. However, generically, one may define τ x as a useful order parameter and there are at least two phases in two space dimensions or beyond. (It is just this case in the study of single-band Hubbard model in terms of some mean-field approximations and the Schwinger bosons theory. 36, 37, 39 ) One is a magnetic state with τ x = 0 while the other is described by a vanished τ x and is a disordered state with an excitation gap. Moreover, there exists a QCP between these two distinct phases, whose critical properties could be described by a quantum ϕ 4 theory, In the case of the extended quantum Ising model in the honeycomb lattice, Rüegg and Fiete 56 found that there exist a ferromagnetic phase τ x = 0 and a paramagnetic phase τ x = 0 by using a 4-site cluster-mean-field approximation for the mean-field Hamiltonian. However, the paramagnetic phase is interpreted as the valencebond solid (VBS), which turns out to break both lattice rotation and translation symmetry. Thus, if so, the putative quantum critical point between these two states will be unstable since the ferromagnetic phase and the valence-bond solid breaks entirely different symmetries and a first-order transition is expected generally according to the Ginzburg-Landau-Wilson paradigm. (A deconfined criticality 15 cannot be excluded in principle but we have not seen any signals for this consideration.) However, we note a different slave-spin treatment, which combines with a Schwinger boson analysis instead of a cluster-mean-field approximation, favors paramagnetic phases without broken lattice rotation and translation symmetry if the onsite U is not sufficiently large. 60 Furthermore, a slave-rotor approach has also been used to study the strong coupling behaviors of the Hubbard model in the honeycomb lattice. 18, 61, 62 In these papers, the insulating state of quantum XY model, which corresponds to the paramagnetic phase of slave-spin representation, is found to preserve all physical symmetries. Thus, we expect a paramagnetic phase without any broken symmetries in the effective quantum Ising model in the honeycomb lattice with the belief that the slave rotor and slave-spin approach are equivalent though different interpretations are involved.
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Therefore, we may simply assume that the quantum Ising model in the honeycomb lattice has a ferromagnetic ordered phase ( τ x = 0) and a disordered paramagnetic phase without any broken symmetries ( τ x = 0) with a QCP between them. Moreover, an effective theory for the quantum Ising model in the honeycomb lattice can be derived by using its path integral formalism (see Appendix B for details)
where ϕ M (M = A, B) is the slave-spin τ x in A or B sublattice since the honeycomb lattice is a bipartite system and a = − 1 2 ln(ǫ U 4 ) > 0. Then expanding the above action and working in continuum limit, one finds an effective theory as
where c, r, u are effective parameters depending on microscopic details and ϕ A (x, τ ) ∼ ϕ B (x, τ ) ∼ ϕ(x, τ ) since only the modes near zero momentum are involved in lowenergy limit. Therefore, the quantum Ising model in the honeycomb lattice can also be described in terms of a ϕ 4 theory in spite of its bipartite feature, which may simplify corresponding calculations dramatically.
B. Hamiltonian of slave-fermion in the honeycomb lattice
Next, we treat the mean-field Hamiltonian H f . It is noted that H f is a free Hamiltonian when dropping the contribution from the constraint. Then the resulting Hamiltonian describes a Dirac semimetal which has the following formalism in the low-energy limit
. It is clear that this free Dirac semimetal fixed point is stable for any short-range interactions, provided the coupling parameter is not large.
26 (This stability of free Dirac semimetal fixed point can be easily seen from a simple RG argument and it does not rely on the existence of long ranged Coulomb interactions in Ref. [26] .) Thus, the free Dirac semimetal fixed point with disconnected Dirac points can serve as a good starting point in the honeycomb lattice at half-filling just like the usual Fermi liquid with large Fermi surface. In addition, we should emphasize it is the slave-fermion f σ that forms a Dirac semimetal but not the physical electrons c σ since in the slave-spin approach, the physical electron is a composite particle of slave-spin and slave-fermion (c σ = τ x f σ ). Because usually it is more interesting to study the instability of Dirac semimetal of physical electrons to other states via quantum phase transitions, we here assume f fermions form a Dirac semimetal whatever the phases of slave spins are, and have a sharply defined Dirac quasiparticle in the remaining parts of the present paper. (A single-site mean-field solution of Eqs. [10] and [11] without the Lagrange multiplier can be found in Appendix D. There we find that the f-fermions form a Dirac semimetal when slave-spin orders and those fermions decouple from each other when slave-spin is disordered. This decoupling is obviously the artifact of the single-site approximation. If many-site effect is introduced, we expect that the f-fermions form the Dirac semimetal with renormalized parameters as what has been done in the paper of Nandkishore, Metlitski and Senthil.
36 Even though the f-fermions do not form the Dirac semimetal when slavespin is disorder, the orthogonal Dirac semimetal may still be considered as a useful intermediate temperature state before other long-ranged ordered phases start to form at low temperature.)
C. Nature of physical electrons in the honeycomb lattice and orthogonal Dirac semimetal
To gain some features of the physical electrons in the Z 2 slave-spin representation for the honeycomb lattice, it is helpful to inspect the behavior of the quasiparticle, particularly, its single-particle Green's function or equivalently its spectral function.
In the case of τ x = 0 (ordered state of the corresponding quantum Ising model), it is clear that c iσ ≃ τ x f iσ , which means the slave-fermion corresponds to the physical electron when the slave-spin condensates. Therefore, the physical electron excitation is a Dirac quasiparticle since slave-fermion forms Dirac semimetal
where the quasiparticle spectral weight is defined as Z = τ x 2 and k 2 = k 2 + ω 2 with ω being the imaginary frequency. Obviously, the obtained state with condensed slave-spins is just the usual Dirac semimetal since no fractionalized excitation will appear in physical observable. In the language of the gauge theory, the hidden Z 2 gauge field in the Z 2 slave-spin representation is confined by the Higgs mechanism when the slave-spin condensates, thus only gauge singlet of fractionalized particles (f or τ x ) are allowed in physical excitations due to the confined potential generated by the Z 2 gauge field. 56, 57 One can refer to Appendix C for details.
In contrast, for a vanished τ x (disordered state of the slave spin) and in the low energy limit, the quantum Ising model is described by an effective ϕ 4 theory given by Eq. (13) and we obtain the Green's function of slave spin as follows
The corresponding spectral function can also be easily derived with the form
Clearly, the spectral function of the slave spin has an excitation gap ∆. Therefore, the physical electron will also acquire a gap with Z = 0. According to the definition of the orthogonal metal in the paper of Nandkishore, Metlitski and Senthil, 36 if a state has a gap for single-particle excitation and the same thermodynamics and transport properties as Landau Fermi liquid, it could be identified as an orthogonal metal. In our case, the physical c electron has an excitation gap while the f fermions form Dirac semimetal. More importantly, the f fermions carry both charge and spin degrees of freedom of the physical c electrons, thus f fermions will contribute to the thermodynamics, charge and spin transports exactly in the same way as real electrons. (The contribution of slave spins can be neglected in the low energy limit, since they are gapped in the disordered state.) Therefore, the c electrons are in a gapped semimetal which is named as orthogonal Dirac semimetal.
Evidently, the orthogonal Dirac semimetal will have the same thermodynamics and transport properties as the usual Dirac semimetal, but it is noted the orthogonal Dirac semimetal is indeed a Z 2 fractionalized state with the Z 2 gauge field gapped, thus the only active actor is the slave-fermion which can be defined as a real fractionalized excitation while the usual Dirac semimetal is a confined state of Z 2 gauge field (see an argument of this point in Appendix C).
Another interesting point is that, in contrast to the usual Dirac semimetal, the Z 2 fractionalized orthogonal Dirac semimetal should have the subtle order, namely, the topological order 63, 64 as argued in Ref. [56] . What is needed to point out is however that there is a difference between our case and the one discussed in Ref. [56] since the Z 2 fractionalized orthogonal Dirac semimetal has gapless slave-fermion excitations while in Ref. [56] , all low-lying excitations for the fractionalized quantum spin Hall insulator are gapped. But this distinction seems irrelevant to the issue of the topological order and we note our case is rather similar to the gapless Z 2 spin liquid 65 in Ref. [8] and the nodal liquid in Ref. [57] . It is also noted that the authors of Ref. [64] argued the effect of matter fields to the pure Z 2 gauge theory and found the topological degeneracy still survives even the matter field has linearly gapless spectrum (the f-fermions are in just this case). The existence of the nontrivial topological order means when considering the system defined in a cylinder (torus), one may find a twofold (fourfold) topological degeneracy of the ground state and a topological term S topo = − ln 2 in the entanglement entropy. 10, 11, 66 We expect such nontrivial topological entanglement entropy could be considered as a strong signal to imply the existence of orthogonal Dirac semimetal in future numerical simulations if one finds a gapped metallic state with no symmetry breaking. However, we should emphasize that unlike most of slave-particle approaches, here the fractionalization is irrelevant to the spin-charge separation and it seems this feature is general for any fractionalized states obtained in Z 2 slave-spin approach.
IV. QUANTUM PHASE TRANSITION OF ORTHOGONAL DIRAC SEMIMETAL
Having analyzed the properties of the mean-field theory, in this section, we proceed to discuss the stability of the mean-field treatment, which is crucial for the above study of critical behaviors and scaling properties since effect of fluctuation may be fundamentally important near QCP. In certain sense, even one finds mean-field decoupling is unstable, it does not imply the disappearance of orthogonal Dirac semimetal but only shows the critical behavior and phase transition cannot be described by the simple ϕ 4 theory.
A. Stability of the mean-field decoupling
In this subsection, we will study the stability of the mean-field treatment which decouples the interacting Hamiltonian Eq. (3) into two independent Hamiltonians (see, Eqs. (10) and (11)) with extra self-consistent equations. Since the stability of mean-field theory in the Z 2 slave-spin formalism has been discussed in Ref. [36] with usual Fermi liquid being the normal state (slave-spin condensates), we will follow their treatment but in our case, a crucial difference appears as a Dirac semimetal but not the usual Fermi liquid serves as the normal state in the honeycomb lattice at half-filling. As a matter of fact, this difference leads to an interesting feature that the vanishing density of states of the Dirac semimetal suppresses the effect of Landau damping even in the conditions without long-range Coulomb interaction, thus the mean-field decoupling is more stable than the one in Ref. [36] and as a result, the critical Fermi surface (Dirac point) is obtained rather naturally in the honeycomb lattice, in contrast to the case of Ref. [36] .
We now show how one can obtain above statement by following Ref. [36] . Obviously, the fluctuation above the mean-field theory results from the coupling term between the slave-spin and the slave-fermion in Eq. (3)
or equivalently one may also use its path integral formalism
Since we are only interested in the physics in low-energy limit, it is helpful to derive an effective theory as
where we have defined a 4 × 4 matrix W = γ 2 + iγ 0 γ 3 and L ϕ , L f come from the free action in Eqs. (13) and (14), respectively. And λ denotes an effective coupling parameter and can be estimated as λ ∼ ta 0 with a 0 the lattice constant. It should be emphasized that when the mean-field treatment is applicable (In the mean-field theory, one just neglects the interacting term L int .), the quantum critical behaviors can only result from the slave spins since the corresponding quantum Ising model has a definite quantum phase transition while the free Dirac fermions contribute no singularity. Therefore, it is more interesting to study the effect of fluctuations (which comes from the interacting term L int Eq. [23] ) to the slave spins and a one-loop calculation gives the following correction term to action of the slave spins as
where O(x) = ϕ(x) 2 , q = ( q, ω) and N = 2 for spin degeneracy with c ≡ 1. Then, following Ref. [36] , a renormalization-group (RG) argument can be applied in According to the scaling dimension of λ 2 , the correction term given by Eq. (24) to slave spins, which results from integrating over Dirac fermions to lowest order, is irrelevant when ν > 2 D+1 is satisfied. For our case, we are considering a two-dimensional honeycomb lattice thus our system is living in d=2 and one should use ν = 0.63, a critical exponent for classical three-dimensional Ising model. Therefore, it is clear that the induced correction term for slave spins is irrelevant in the sense of RG, which means the coupling term between the slave-spin and the slave-fermion cannot change the low-energy physics obtained from the simple mean-field approximation. Moreover, the stability of the mean-field treatment suggests that quantum critical behaviors are controlled only by the quantum Ising model of slave-spins and all critical exponents fall in the Ising universal class.
However, our result is quite different from the case of orthogonal metal 36 where generically the mean-field decoupling is only valid in the presence of the long-range Coulomb interaction. In our system no such long-range interaction is needed. The main reason is that if the slave-fermions f form a usual Fermi liquid, they will always contribute a standard Landau damping term with an extra constant being the density of state (DOS) at the Fermi surface for slave-spins. This nonzero DOS term is not irrelevant unless one adds the long-range Coulomb interaction. In contrast, if the Dirac semimetal is considered, as in our case, slave spins will not gain a nonzero DOS term but a term given by Eq. (24), just like the long-range Coulomb interaction in two space dimensions since for the free Dirac fermions, its DOS at the Fermi surface (at the Dirac points in our case) vanishes (In d=2, the Coulomb interaction is V ( q) ∼ 26 ). Moreover, since no Fermi surface (only separated Dirac points) appears in our case, we expect that no usual Landau damping appears from the longwavelength deformations of the 'Fermi surface' due to disappearing of continuous rotation symmetry in lattice models.
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After all, the mean-field treatment in the last section is stable to fluctuation resulting from coupling between the slave-spin and the slave-fermion even without introducing the long-range Coulomb interaction. Then we will proceed to use the mean-field approximation to analyze the critical behaviors and corresponding scaling properties near QCP. In this subsection, we will study the critical behaviors near the quantum phase transition from orthogonal Dirac semimetal to usual Dirac semimetal by using the effective action Eqs. (21) and (22) which reflects the decoupling in the mean-field treatment.
Obviously, the usual Dirac semimetal is wellunderstood and its low-energy excitation is described by the Dirac quasiparticle according to the discussion in the Sec. III when approaching the QCP
where the quasiparticle spectral weight Z = τ x 2 ∼ g 2β . (One can approach QCP from the orthogonal Dirac semimetal with vanished excitation gap as well.) Besides, based on a scaling argument in Ref. [68] , the quasiparticle spectral weight for z = 1, d = 2 can be written as Z ∼ g vηc , where an anomalous dimension η c for physical electrons is defined. Thus, a crucial result in the present paper is obtain as η c = 1 + η. (In fact, for d = 2, z = 1, this result still holds even if the decoupling approach is invalid. To derive above result, we have used two scaling relations α + 2β + γ = 2,ν(2 − η) = γ and the hyperscaling law 2 − α = ν(d + z) with α, β, γ, ν, η being the critical exponents of the quantum Ising model.) This means that at QCP the Dirac quasiparticle is destroyed completely (Z = 0) since a large anomalous dimension appears (η c ≃ 1.036, η ≃ 0.036) and the local DOS will behave as N (ω) ∼ |ω| 1+ηc which is rather different from its counterpart in Dirac semimetal (N (ω) ∼ |ω|). In the sense of the critical Fermi surface of Senthil, 69 the six Dirac points are indeed critical at QCP with nontrivial power-law behaviors in the spectral function (or DOS) of physical electrons. Thus, we may call them critical Dirac points following the similar spirit of the critical Fermi surface. However, to our surprised, the quasiparticle picture does not break down at QCP because slave spins and slave fermions can be considered as the real quasiparticle at criticality, respectively. Therefore, quantum critical behaviors are readily to be obtained in terms of these quasiparticles. For example, at QCP the specific heat is C v ∼ T 2 which contributes from both slave spins and slave fermions. And the electrical conductivity at QCP is easily obtained as σ(ω) = π 4 e 2 2π which is identical to the one in the usual Dirac semimetal since slave fermions carry all quantum number of physical electrons and they form Dirac semimetal like physical quasiparticles in the Dirac semimetal phase.
V. EXTENSIONS AND POSSIBLE RELATIONS TO OTHER MODELS AND APPROACHES
In this section, we will briefly argue the instability of the orthogonal Dirac semimetal to other phases and discussion possible relations of our results obtained in previous sections to other models and approaches. A careful reader may wonder whether one can construct some exactly soluble models for the orthogonal Dirac semimetal. In fact, it is straightforward to construct possible exact soluble models by following the idea of Ref. [36] . The only difference needed to be careful is to put their model from square lattice to the honeycomb lattice. Here we focus on the special features of the honeycomb lattice and do not discuss it in detail.
A. Instability of the orthogonal Dirac semimetal to sublattice pairing states and fractionalized quantum spin Hall insulator
In principle, the orthogonal Dirac semimetal proposed may be seen as a "Fermi liquid" which can suffer from further transitions to other fractionalized states. For example, if a next-nearest-neighbor hopping term is added into the Hubbard model, the particle-hole symmetry will be violated, thus the terms involving the Lagrange multiplier λ i cannot be ignored, which may lead to a paring instability of slave fermions f σ . Particularly, when a pairing is realized between the next-nearest-neighbor sites, the resulting state is like the so-called sublattice pairing states (SPS), 30, 32, 33 which has a gap both for charge and spin excitations and has been argued to be a promising candidate for gapped spin liquid state found in the numerical simulation. However, detail treatment of this sublattice pairing states is beyond our present paper and it is interesting to attack this issue in future work.
In addition, one may consider a spin-orbit coupling between next-nearest-neighbor sites
where λ is the spin-orbit coupling and ν ij is defined as in Ref. [62] with · denoting next-nearest-neighbor sites. Therefore, the resulting model will be the celebrated Kane-Mele-Hubbard model which is a good starting point for studying interaction effect on two-dimensional topological insulators. 62 Obviously, due to this spin-orbit coupling, the usual Dirac semimetal will smoothly evolve into the two-dimensional topological insulator (or quantum spin Hall state) while the exotic orthogonal Dirac semimetal will inevitably open an excitation gap at Dirac points, which will give rise to the exotic fractionalized quantum spin Hall insulator found by Rüegg and Fiete. 56 This phase could be dubbed an "orthogonal spin Hall state" or an "orthogonal helical metal" according to one's taste. 36 Before ending this subsection, we should emphasize that a gapped spin liquid has also been found in Kane-Mele-Hubbard model when spin-orbit coupling λ is small. [70] [71] [72] However, our current approach cannot capture this subtle issue and we expect future work may clarify the nature of this gapped spin liquid and its possible relation to the orthogonal spin Hall state.
B. Comparison the Z2 fractionalization approach to the Gross-Neveu theory
Beside the above possible transitions, it is also noted that our results are rather different from the treatment of Herbut who did not use fractionalization but started with usual order parameters, e.g. spin/charge density wave (SDW/CDW), and then coupled them minimally to Dirac fermions. 26, 67 The resulting theory is described by the Gross-Neveu theory with a large anomalous dimension for the order parameter and is argued to be outside the Ginzburg-Landau-Wilson paradigm. But, in the effective Gross-Neveu theory, the physical electrons only have a small anomalous dimension while our treatment gives a rather large anomalous dimension for physical electrons since they are fractionalized at QCP and a large anomalous dimension is naturally expected. Therefore, the large anomalous dimension of physical electrons and the related pow-law behavior in the local DOS may be considered as a smoke-gun prediction of our Z 2 slave-spin theory for Hubbard model in the honeycomb lattice when comparing to the usual effective Gross-Neveu theory.
C. Relations to the fermionic dual approach of Mott transition and the gauge/gravity duality Moreover, it is also interesting to see whether orthogonal Dirac semimetal and the corresponding quantum phase transition can be described by extending the dual approach developed in Mott transition from Fermi liquid to quantum spin liquid.
73,74 However, we have tried and found that such a description is not feasible due to lack of Fermi surface when only half-filling is involved. In contrast, a dual description identical to Refs. [73, 74] can be constructed when deviating from half-filling since in this case the chemical potential is nonzero and a Fermi surface instead of Dirac points is formed but this is not interesting for our present paper and we will not discuss it further.
The last relation we considered is the link to the gauge/gravity duality [75] [76] [77] from string theories. Based on some arguments in holographic entanglement entropy, 78, 79 which is an remarkable application of the gauge/gravity duality to calculate entanglement entropy of certain dual strongly correlated field theories, only gapless metallic states with fermionic dynamical critical exponent large than one can be realized in the current models in the gauge/gravity duality for non-Fermi liquids if a Fermi surface is assumed. Thus, it is clear that the exotic orthogonal metal (the simplest non-Fermi liquid) cannot be found in these models since it is gapped and its fermionic dynamical critical exponent is equal to one. For the case of orthogonal Dirac semimetal, to our knowledge, no such state has been discovered in existing gauge/gravity duality. Therefore, we suspect that the nature of exotic orthogonal metal, orthogonal Dirac semimetal and their corresponding quantum criticality may not be captured by existing models in gauge/gravity duality and more study is desired towards this direction.
VI. DISCUSSION AND CONCLUSION
In the present paper we have shown that a Z 2 fractionalized metallic state called orthogonal Dirac semimetal can exist in the Z 2 slave-spin representation of Hubbard model in the honeycomb lattice at half-filling. The orthogonal Dirac semimetal can survive when slave spins become disordered. This state has the same thermodynamics and transport as usual Dirac semimetal but with gapped singe-partice excitation and nontrivial topological order. Moreover, the quantum phase transition (QPT) from Dirac semimetal to fractionalized orthogonal Dirac semimetal is analyzed by the mean-field decoupling and its criticality can be described by the universality class of 2+1D Ising model. The result that the physical electron gains a large anomalous dimension at QCP presents the fingerprint of our slave-spin theory. It should be emphasized that in contrast to most of slave-particle approaches, the Z 2 fractionalization involved in the Z 2 slave-spin representation is irrelevant to the spin-charge separation. Thus, the orthogonal Dirac semimetal should be considered as a simple non-Fermi liquid but without spin-charge separation. It seems this feature is general for any fractionalized states obtained in Z 2 slave-spin approach.
In addition, we have also constructed a path integral formalism for the Z 2 slave-spin representation of Hubbard model and discussed possible relations to effective Gross-Neveu theory and gauge/gravity duality. Furthermore, the instability of orthogonal Dirac semimetal and the possible relation to the SPS spin liquid and the fractionalized quantum spin Hall insulator are briefly analyzed as well. In our opinion, the Z 2 slave-spin representation and its mean-field results seem to work well when the onsite U is not too large, otherwise, slave boson or slave rotor approach may be more economic to capture physics of quantum spin liquids. Besides, we expect the exotic orthogonal Dirac semimetal may be realized in the sophisticated experiments of ultracold atoms in the honeycomb optical lattices. [47] [48] [49] It will be also interesting to see whether topological insulator in 3D may provides a realization of this state if strong coupling is accomplished carefully. 51, 52 Moreover, there may also exist an interesting extension of the present analysis of orthogonal Dirac semimetal to the bilayer graphene with a non-vanishing density of state.
53, 54 We hope our findings may be helpful for future studies in Z 2 slave-spin theory and non-Fermi liquid phases in honeycomb lattice. aǫ . Moreover, in the effective theory, φ corresponds to τ z while τ x gives the kinetic energy term in imaginary time. Then, the standard φ 4 theory is obtained by relaxing the hard constraint φ 2 = 1 while introducing a potential energy term,
Following the treatment of Sec.4 in Ref. [39] and using Eqs. [10] and [11] , the self-consistent equation for g ≡ τ x 2 is obtained as
= 4ε
(U/4) 2 + 16ε 2 g
where we have definedε = ∞ 0 dερ(ε)ε with ρ(ε) denoting density of states of free f-fermions. When g = 0, one finds the critical coupling U c = 16ε ≃ 12.444t. For U > U c , the slave-spin does not form ferromagnetic order while the ferromagnetic order appears with nonzero g = 1 − (U/U c ) 2 for U < U c . As for the f-fermions, they can be described by the following Hamiltonian H = −tg ij σ (f † iσ f jσ + H.c.).
(D2)
